ABSTRACT. We present two new forms in which the Frechet differential of a power series in a Banach algebra can be expressed in terms of absolutely convergent series involving the commutant C(T ) : A → [A, T ]. Then we apply the results to the analytic functional calculus in a complex Banach space.
INTRODUCTION
Let A be a Banach algebra. In the main Theorem 1.11 it is proved that the Frechet differential of the map A ∋ T → ∞ n=0 α n T n ∈ A, can be expressed in terms of absolutely convergent series involving the commutant C(T ) : A ∋ h → hT − T h ∈ A with T ∈ A, in three different forms containing C(T ), C(T n ) or C(T ) n . Explicitly if
g(λ)
∞ n=0 α n λ n , the radius of convergence is r > 0 and B r (0) is the ball of radius r in the Banach algebra A, then we have
(1) for all T ∈ B r (0) (0.1)
(here all the series converge absolutely uniformly on B s (0) for all 0 < s < r), (2) for all T ∈ B r (0)
(here all the series converge absolutely uniformly on B s (0) for all 0 < s < r), (3) ∀T ∈ B r (here the series converges absolutely uniformly on B s (0) for all 0 < s < r 3 and g (p) : K → K is the p−th derivative of the function g).
The proof of this result needs a general statement about the Frechet differentiability term by term of a power series in a Banach algebra. Although this last result was known -indeed for complex Banach spaces was proved by [Mar] whereas the proof for real Banach spaces, given for the first time in [Mic] -the proof in Lemma 1.9 has the advantage of giving for the particular case of Banach algebras a unified approach for both the cases real and complex.
Next in Corollary 1.16 we apply Theorem 1.11 to the case of the Frechet differential of a power series of differentiable functions defined on an open set of a K−Banach Space and at value in a K−Banach algebra A. As an application we obtain the formula found by Victor I. Burenkov in [Bur] (Remark 1.20) . n k=1 G k , · Q n k=1 G k is the Banach space where n k=1 G k is the product of the vector spaces {G 1 , ..., G n } , and (v 1 , ..., v n ) Q n k=1 G k max k∈{1,...,n} v k G k .
If (∀k = 1, ..., n)(G k = G), then we will use the following notation G n , · G n n k=1 G k , · Q n k=1 G k . Let {F 1 , ..., F n , G} be a finite set of K−Banach spaces, then B n ( n k=1 F k ; G) is the K−vector space of all n−multilinear continuous mappings defined on
In the sequel we shall deal with Frechet differentiable functions
defined on an open set U of a K−Banach space F and with values in a K−Banach space G. Its Frechet differential function will be denoted by
Recall that a map f :
T is called the Frechet differential of f at x 0 and is denoted by 
for all T ∈ A. We also define the map C :
We consider ∀n ∈ N the following mapping
A Banach algebra over K (or briefly Banach algebra), see for example [Dal] or [Pal] , is an associative algebra A over K with a norm · on it such that A, · is a Banach space and ∀A, B ∈ A we have
If A contains the unit element then it is called unital Banach algebra. It is easy to verify directly that
.
Since L and R are linear mappings we can conclude that
We now present a simple formula which will be used later to decompose the commutator C(T n ) in terms of C(T ).
Lemma 1.2. Let A be an associative algebra, then (∀n ∈ N − {0})(∀A 1 , ..., A n+1 , B ∈ A) we have
If s = 0 then the first factor of the summand should be omitted, if s = n then the last one should be omitted.
Proof. For n = 1 it is easy to see that
We shall prove the statement by induction. Let n ∈ N − {0, 1}, and (1.6) be true for n − 1, then
Corollary 1.3. Let A be a unital associative algebra, then (∀n ∈ N)(∀T, h ∈ A) we have
Proof. The second equality follows by Lemma 1.2 where A 1 = A 2 = ... = A n+1 = T , the first one by the second and (1.2).
The following equality is stated without proof in the exercise 19, §1, Ch. 1 of [LIE] . For the sake of completeness we give a proof.
Lemma 1.4. Let A be a unital associative algebra, then we have ∀T ∈ A and ∀n ∈ N that
Proof. Since by (1.2) L(T ) and R(T ) commute it follows the statement.
Lemma 1.5. Let A be a unital associative algebra. Then ∀T ∈ A and ∀n ∈ N − {0} we have
Proof. Since L = C + R and by (1.2) C(T ) and R(T ) commute we have
n , where the series defined in K is with the coefficients a n ∈ K and has the radius of convergence R > 0. Then ∀T ∈ A such that T A < R we can define
It is well-known that T n is Frechet differentiable. For the sake of completeness we give a direct proof of the Frechet differential function of T n in several forms which will be used in the sequel.
Lemma 1.7. Let A be a unital Banach algebra. Then ∀n ∈ N the map u n : A ∋ T → T n ∈ A is Frechet differentiable and its Frechet differential map u
Proof. For brevity in this proof we write · for · A . The cases n = 0, 1 are trivial. Assume that n ∈ N − {0, 1} and
Here T(h; T ; 2) is a polynomial in the two variables T and h each monomial of which is at least of degree 2 with respect to the variable h. Hence
(1.10)
Here T( h ; T ; 2) is the polynomial in the variables h and T obtained by replacing in T(h; T ; 2) the variable h with h and T with T . Hence
and the first of equalities (1.8) follows. Therefore we have (∀T ∈ A)(∀h ∈ A)
( 1.12) This is the second equality in (1.8). The fourth equality in (1.8) follows by the second one, by the commutativity property in (1.2) and by Corollary 1.3. By the first equality in (1.8) and Lemma 1.5 we obtain the third equality in (1.8). Finally ∀T, h ∈ A by (1.11) and the (1.5) we obtain (1.9)
Remark 1.8. Let S = ∅ and X be a Banach space over K, then we define
Then B(S, X), · B(S,X) is a Banach space over K and the convergence in it is called the uniform convergence on S in · X −topology , or simply when this does not cause confusion, the uniform convergence on S , see Ch.10 of [GT] .
Let {f n } n∈N ⊂ B(S, X) then the series ∞ n=0 f n converges uniformly on S if there exists W ∈ B(S, X) such that
The series ∞ n=0 f n converges absolutely uniformly on S or converges absolutely uniformly for T ∈ S if
Since B(S, X) is a Banach space, the absolute uniform convergence implies uniform convergence.
Now we shall show that a power series g(T )
∞ n=0 α n T n in a Banach algebra A is Frechet differentiable term by term, the corresponding power series of its Frechet differential g [1] is uniformly convergent on B s (0) in the norm topology of B(A) for all 0 < s < R, and finally that g [1] is continuous, where the radius of convergence R of ∞ n=0 α n λ n is different to zero. The proof is based on the well-known results stating that uniform convergence in Banach spaces, preserves Frechet differentiability and continuity, see Theorem 8.6.3. of the [Dieu] for the first and Theorem (2), §1.6., Ch. 10 of the [GT] for the second one.
The Frechet differentiability of g can be seen as a particular case of the Frechet differentiability of a power series of polynomials between two Banach spaces. The first time for complex Banach spaces was proved in [Mar] . Whereas the proof for real Banach spaces, given for the first time in [Mic] , used a weak form of Markoff's inequality for the derivative of a polynomial, see [Scha] .
Our proof has the advantage of giving for the particular case of Banach algebras a unified approach for both the cases real and complex. Lemma 1.9 ( Frechet differentiability of a power series in a Banach algebra ). Let A be a unital Banach algebra, {α n } n∈N ⊂ K be such that the radius of convergence of the series g(λ)
(1) The series
α n u n converges absolutely uniformly on B s (0) for all 0 < s < R.
1 Hence we can define the map g :
Here the series converges absolutely uniformly on B s (0), for all 0 < s < R 2 and g [1] is continuous.
Which is statement (1). By (1.9) for all 0 < s < R
|α n |ns n−1 < ∞.
Hence the series
n converges absolutely uniformly on B s (0) for all 0 < s < R. Thus the mapping
is well defined on B R (0) and the series converges uniformly for T ∈ B s (0) for all 0 < s < R. Hence we can apply Theorem 8.6.3. of the [Dieu] and then deduce (1.15).
Now it remains to show the last part of the statement (2), i.e. the continuity of the differential function g [1] . By the first part of Lemma 1.7 applied to the unital Banach algebra B(A) and by (1.5) ∀n ∈ N the maps
are continuous. Moreover the product is continuous on B(A) × B(A) so by (1.17) and the first equality in (1.8) ∀n ∈ N (1.18) u
By (1.18), the uniform convergence of which in the first part of statement (2), and finally by the fact that the set of all continuous maps is closed with respect to the topology of uniform convergence, see for example Theorem (2), §1.6., Ch. 10 of the [GT], we conclude that ∀0 < s < R the mapping
continuous. This ends the proof of statement (2).
Remark 1.10. By statement 2 of Lemma 1.9 we have
Here the series converges absolutedly uniformly for
, for all L > 0 and 0 < s < R.
Theorem 1.11 ( Frechet differential of a power series ). Let A be a unital Banach algebra, {α n } n∈N ⊂ K be such that the radius of convergence of the series g(λ)
Here all the series converge absolutely uniformly on B s (0) for all 0 < s < R.
Here the series converges absolutely uniformly on B s (0) for all 0 < s < 
nα n hT n−1 .
Proof of Theorem 1.11. By Lemma 1.9 and Lemma 1.7
Here each series converges absolutely uniformly on B r (0) for all 0 < r < R. Inequality 1.22 also implies that
Here each series converging absolutely uniformly on B r (0) for all 0 < r < R and statement (1) follows.
Here in the second inequality we used (1.4). Therefore
All the series uniformly converge for T ∈ B r (0). Here in the last equality we used Corollary 1.3 and the fact that L(C(T k−1 )) ∈ B(B(A)). Moreover by (1.2)
hence by (1.25) and (1.23) we obtain statement (2).
Finally we have ∀s
Thus by the third equality in Lemma 1.7 and Lemma 1.9 we obtain statement (3).
The previous Theorem 1.11 is the main result of the present chapter. Let A be a unital K−Banach algebra and ∞ n=0 α n λ n a series at coefficients in K having radius of convergence R > 0. We give for the first time the Frechet differential g Finally we give a different proof respect to [Rud] and in such a way generalizing that in [Bur] , of the known formula in statement (3), in case 0 < s < and ∀h ∈ A we have
Here the series is uniformly convergent for
and L > 0. (1) s < ∞ and if s < R then
Here the series is uniformly convergent on D, while
(2) If 0 < s < R then the function g • T is Frechet differentiable and
Here the series converges in B(X, A). 
Thus by A − B ≤ A − B in any normed space, we have fixed b ∈ D and
Here we considered that D is bounded and
So by (1.28) s < ∞ which is the first part of statement (1). Let D ⊆ X be the open set of which in the hypotheses. By s < ∞ we can assume that 0 < s < R, then the second part of statement (1) follows by statement (1) of Lemma 1.9.
In the sequel of the proof we assume that 0 < s < R. By statement (2) of Lemma 1.9 and by the Chain Theorem, see 8.2.1. of the [Dieu] , g • T is Frechet differentiable and its differential map is (1.29)
where in the second equality we considered that uniform convergence implies puntual convergence. By statement (2) of Lemma 1.9 and s < R the previous series converges in B(A), moreover if we set
then it is bilinear and continuous i.e.
(1.30) X,A) . Therefore by (1.29) follows (1.27).
By (1.29) , we
In addition if sup x∈D T by (1.32) we have ∀h ∈ X (1.33)
Remark 1.18. In a similar way of the proof of statement 2b of Corollary 1.16 we have
(1.34) , and by denoting g(λ) Notice that C(T (t)) 0 = 1 and ∀n ∈ N − {0}
In particular if
and so on. Proof. Statement (1) is trivial. The map T is derivable with constant derivative equal to W ∈ A, hence we have statement (2) by Remark 1.20 and (1.34).
APPLICATION TO THE ANALYTIC FUNCTIONAL CALCULUS IN A C−BANACH

SPACE
In this section G is a complex Banach space, we denote by σ(T ) the spectrum of T for all T ∈ B(G) and (∀U ∈ Open(C) | σ(T ) ⊂ U)(∀g : U → C analytic) by g(T ) the operator belonging to B(G) as defined in the analytic functional calculus framework given in Definition 7.3.9. of the [DS] , that is
Here R(λ; T ) (λ1 − T ) (1) T (D) ⊆ B s (0) (2) (∀x ∈ D)(σ(T (x)) ⊆ U 0 )
Then
(1)
Here the series absolutely uniformly converges on D. 
